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A SIMPLIFIED VERSION OF

DANTZIG'S QUADRATIC PROGRAMMING ALGORI THM
FOR SOLUTIONS USING A

MEDIUM-SIZED DIGITAL COMPUT.ER*

by

R. E. Murphy
Stanford University

l. Introduction

In a recent paper by G. Dantzig [1], an algorithm was introduced to
obtain solutions for certain quadratic programming problems by a modified
simplex program. This programming algorithm follows closely the methods
employed by Wolfe and Maurkowitz [2]. In this introduction, we shall out=-
line Dantzig's theorems for those unfamiliar with this method, and also

develop the notation used in this paper.

1.1. The Criterion Function

We shall formulute the problem as the constrained maximization of a
convex quadratic function in x. The criterion function (in vector/matrix
notation) will be
(1.1) n(x) = x% - 5 x*ax,

where
x>0,

xtAx >0 for all x, and A is a symmetric matrix.

This research was supported by Varian Associates, Inc., Palo Alto,
California. Publication was supported by Office of Naval Research Contract
Nonr-225(50) at Stanford University. Reproduction in whole or in part is
permitted for any purpose of the United States Government.

I wish to thank Mr. G. Kuykendall and Mrs. L. Owens of I.B.M., San Jose,
Culifornia, for their help in introducing the author to 140l Fortran and
in testing this program.




Some of the columns of the A matrix may have zero elements. The activ-

ities asscciated with these zero rows and columns will be linear activities,
not quadratic activities. Thus, by suitable construction of the A matrix,

mi xed quadratic/linear solutions may be obtained.

1.2. Tre Constraint Function

In addition to the positivity requirement for x, we require that
the following equation (in vector/matrix notation) be satisfied:

(1.2) Cx = d .

14 3 A Note on Slack Vurisbles

The vector x is defined so that it contains the required slack

components to make (1.2) hold us an equality.

1. The Kuhn-Tucker {31 Optimslity Conditions

A solution to (1.1) end (1.2), say the vector Xx*, c&n be segregzted
into twc subsets. Let x° be the subset of components of X which are
zero., and X+ the suhset of components of X which are positive. The

soluticn. x*, is the optimal solution (lesds to & maximum =n{x) under

construints, (1.2)) if

t +
(1 3) b - Ax* -C X =0 for x*eX

t,
(1.u) b - Ax# - CHs <0 for x* e X
snd
(1.8) Cx*> = d

T2 vector A* s defined as the Lagrangian multiplier vector.

1.5. Tre Complementary Vector

Suppcse we define a new sector u* such that




(1.6) Wl 20, u*x>0,

and such that

0 for x* ¢ Xo .

(1.7 b 4+ u* - Ax* - CUA*
We can now write (1.3) and (1.4) as

(1.8) b+ u* - Ax* - ot

0 for all x > 0 :

It can be seen then that the vector u is a special kind of slack

variable which permits the Kuhn-Tucker inequality (1.4), together with (1.3),

to be written as an equality (1.8).

1.6. Similarity Between These Equations and Linear Programming Equations

The similarity between the satisfaction of equations (1.5) and (1.8)
and simplex method linear programming cen be exploited if satisfaction of
(1.6) can be ensured and some method of determination can be mude of the
efficient order in which to bring in new components of x (to take the
place of the linear criterion function coefficients of linear programming).
Duntzig has supplied such & selection criterion. A feasible, non-optimal
solution, say »° (which satisfies (1.5) but does not satisfy (1.3) or
(1.4)), will be churacterized by a u vector which contains negative
components. The component of xo corresponding to the most negative
component of w° is the activity to be introduced next into the basis
(x*). Dantzig hus shown that such & selection rule will lead to &

monotonically increasing n(x).

2. Setting Up the Solution Matrix

2.1. The Cogg;ete Form of the Solution Matrix

Figure 2.1 shows the solution matrix for the quadratic criterion

function (1.1), subject to the explicit constraints. Note the requirement
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of equations (1.6), (1.2), and (1.8) is implicit in the computer instruc-

tions to follow.

by Py B 1Y & a
811 %2 8m : Sl % o= Cqr | %1
851 830 ** By : €12 S22 " Cn2 | *2
8 %m2 7 Gmm | “im “2n m | *m
———————————— }-— a——
-1 0 . 0 | 0 o0 0 uy
0.-1 . 0 | 0O © .0 ),
0 0 -1 0 0 ... 0 |u
______ e c— e e — — JP— —
cll c12 5 clm 0 o . 0 )\l
c21 c22... c2m 0 o ... O x2
cnl cn2"'cnm| (0] O ... O )\n
Fig. 2.1.1

2.2. The Reduced Form of the Solution Matrix

We shall employ un ubbreviated notation for the solution matrix,

so that Fig.2.l.1 may be represented as

(2.1) b d
A c X
2! u
¢ A




One practical disadvantage of the simplex quadratic programming
algorithm is the very large size of thesolution matrix. With m activities

and n constraints, the solution matrix is 8 (m+n) x (2m+n) matrix, where
m > n. This large matrix limits the application of the method to either the
solution of small prodblems or the use of large computers.

We note that n of the m activities are slack activities, the rest

being productive activities. We may partition the x vector as follows:

(2.2) x =< X%, >

where L contains the components of x which represent slack activitlies,
xp contains the components (m-n in number) of x which represent
prcductive activities.
In the same way, we write
(2.3) u =< Ui ug > .
Furthermore, we will sssume thet the criterion function is restricted only
tc the productive asctivities; that is, the slack activities are not costly

or productive. Thus, we have
(2.4) b =< bp;f& > 5

where b _ contains only the coefficients corresponding to the productive
ectivities.

Also, we have

(2.5) A= -f?i-?--l
g .o

where Ap is the mestrix whose elements are associated only with the produc-

tive activities, and c




where Cp is the matrix associated with the productive activities, and
I is the unit matrix associated with the slack activities.

The whole solution matrix of (2.1) may be rewritten as

b 1 01 d
P | i .
|
12l %
g '@ Iy X
) LR N I
7 == :

IR W

? el g Us

et SNPRCL U -3

(‘; ! l ¢ A

We note from the last two rows of (2.7) that ug end A are related in a

very useful way. An increase in a component of ug implies an equal increase

ir a corresponding component of A, &nd vice versa. Thus, for any component

in ug and A, we npay write

(2.8) u, + 9 =A, + 8 J = 1,2,i005n ,

J J J 3>
where &j is some change to uJ or hj- For &ll practical purposes, &ny

selection criterion bused (in part) on u, could be based also on A. The

solution metrix (2.7) may then be rewritten in a reduced form. We have

b ! d
p I}
I
(2.9) g |1 4
I u
---4-?&- N
t
co ' /B PN

Where we have m activities and n constraints, tre general solution matrix

of dimension (m#n) x (2m+n) may be reduced to a m x 2m matrix. Such &
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reduction leads to a marked saving in computer memory elements.

3. The Computer Program

3.1 General Information

The computer prograz is vritten in Fortran language foxr the 1.B.M.
1401 computer T4). The 1401 computer is s medium-sized machine waich is
Quive cotuonly found i yse as an accounting mackine ir many thousands ct
businesas Lirms im the United §States and adrosd. Siance qQuadratic program-
ming is » velusdae @il tc profit ansiysis is business, ve feel that this
progran will find many uses ip these firms. Approximately 8,000 memory
positions ere required to store the progran and the necessary fixed routine
instructions for the somputer. Thas, if i2,0C0 memory pogitions are avail-
sble, sufficient wemory positiors remain €0 store @ i% g 30 solution matrix

with an accuruey of sin signi®icant figures (ehis imeludes spauce for the

vectors Xp- L
-

sdequate for most business problems. One solution cyelie requires approx-

Uy Ni kp, ard d). Tais soluticn capaecity should be

imate:y 20 seconds of machipe time urd., ou the aversge, about 10 cycles

sre required to find sn optimel solution. Thus, & sclution mey be obtained,
on the sverage, in S minutes of computer time., WNc magnetic tape units are
required, the problem belng solved completely in the magnetic core storage
aress.

3.2. Description of the Block Diagram

1t is necessary to make the computer Fortran program notation
di fferent from the descriptive notation used in the previous sections.
The x vector. u vector, and XA vector are known to the computer as a
single X vector. The assigned index numbers are the only clues to

identification of the x, u, and A vectors within the X vector. Also, the

T
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optimality
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Fig. 3.2.1




¢ and d vectors are known to the computer as a single C vector, from
which the ¢ and d vectors may be identified only by the assigned index
numbers. The solution matrix is known to the computer as the A matrix.
The submatrices described in previous sections are only identified by the
asslgned index numbers.

With these definitions in mind, Fig. 3.2.1 may De examined. Figure
3.2.1 is a simplified block diagram of the modified Dantzig simplex method.

Esch block will be deserided in detail delcw.

Block 1

During this operation the ccmputer sccepts input informution from
cards and/or tape. This information is plused im the reserved memory
positions and the assembly of the A matrix is ccmpleted. TIn addition, the

C vector is elso ussembled in the appropriate memory locutions.

Biock 2

In Block 2, the A metrix and the C vector are used to determine the
initial value ~f the X vector. Thuis initial solution is formed by running
the slack activities at & level which cansumes &)l the avsllebie rescurczs.
Furthermore. the complementsry productive activities sre also introduced
(since the productive uctivities ure all at zero) so that the C vector is
completely satisfied. This initial soiution, althoush & leasible solution,

{s far from optimal since all the resources are "thrown awaey" by the a.ack

activities.

Block 3

The printer now prints out the initlal solution. First, the C vector
is printed out. Then the A matrix and X vector (in the far right coclumn)

are printed out row after row, until the entire matrix and vector are

8




complete. This matrix may then be examined to assure that the data fed

into the computer has been stored in the proper positions.

Block &

I the value of this leest-valued complementery activity isé positive
or zero, the optimality theorems iadicate that the present soluytion is the
optimal solution and the computer passes on to Block i7. However, this is
rarely the case, especielly on the first solution. Ordinmarily, the least-

valued complementary activity is acgative. If it is negative, the computer

passes on to Block 6.

Block 6

It Block 6, the ‘th (most progitabdle) astivity is increased from zero
untii the first of the € vestopr corstraints coefficient bBecomes dinding.
whish sonstraint ié the Lirst €0 bind,is determined by dividing the K row
nf A matrix eletents, ohe at » time, into the apprcpriate € vecto® coef-
ficients. Note that omnly certain C westor coefficients (columns) are used
during this process. Tuese certein ccefficients are ia the columns @sso-
clated with the activities vhich are restricted to gero or positive values
only; that is, only the productive activities and the slack activities.

Thius, only the C vector scefficient asscciated with a signerestricted

activity cen possibly bind the incoming astivity. Tve conglenentary
setivities and the Lagrangian pultipliers are not signerestricted for
feasible solutions. One exception exists: The C vector coefficient agso-

clated vith the compiementary activity for the K'° activity is sign-

restricted during this solutiom gycle. It may nog be permitted to go
negative at thig time. This is Decause it is very desiradle for the

incoming activity, E(K), to De bound Dy the C vector coefficient which

9




formerly bound its own complementary activity. The reasons behind this

statement will become more apparent later in Block 13.

Block !

Since the binding C vector constrxaint, L, formerly was the bound for
some other activity that was formerly in the basis, this other activity
must be identified end made to drop out of the new basis (g0 to zero)
following the introduction of the xR (most profitsble) activity. This
activity is found by finding the index number of the row with a 1. in
column L, which also has a positive, non-zero X vector compcnert. This

index number {gs recorded as KA.

Block 8
Now that K, L, and KA are known, the A metrix and the C vector are
modLfied sccording to the simplex rules. Follcwing tnis operation, the

th th
K" row wiil have O. everywhere except in the L™ column where the number

l. will appear. The KAth row, which formerly had O.'s everywhere but the
Lth ~oiumn (where it had a i.), will now generslly contsin coefficlents of
various velues. Everywhere eise the A matrix coefficients will be modi fied
by the simplex process to reccgnize the existence of & new basis (contain-
ing the K", Lnstesd of the Kat", activity).
Biock 9

At this stage, the new X vector is ussembled. The incoming activity,
X(K), will become positive and equel to the new C(K), while the outgoing

activity, X(KA), will become O. . Since the C vector has been modified,

the other activity levels will change somewhat.

Block 10

The printer will print the sequence number of the new solution.

10
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Block 11

The printer will print the index numbers of the incoming and outgoing

activities and the dbinding constraint.

Block 12
The printer will now print the new C vector. Following this, the A
matrix and X vector components will be printed out, row by row, until the

eutire solution bas been printed.

Block 13

The complementarity check is now made. The complementary activity
of tie incoming activity is checked to see if it is O. . If it is, this
can happer in the following way: Suppose that the binding C vector coef-
ficiert was the former btinding coefficient for the complementary vuriable
of the imcoming activity. Ir this csse, as the incoming activity comes in,
its own complemertary activity goes to O. . Most of the time the comple-
mentary sctivity falls but does not wo tc zero (this is because some
dctivity other thun the ~onplementary one ls dropped). If the comple-
nmertary activity sssociated with the incoming activity becomes zero, the
compiemertarity test passes. If rct, the test tails.. The optimality
toeorer; irndicete that if the test paases, the sclution ls feasible. If

the test fails, the solution i3 ponefeusitle.

1f the complenentarity test passes, the computer moves on to Block

lé. If the test fails, the computer moves ca to Block 15.

Block 1b
The computer enters this block only when the complementarity test
passes. The printer will primnt out 4 motice that the solution (printed

formerly in Block 12) is a feasidle solution.

1




The computer now returns to Block 4 and determines the conditions

for another solution.

Block 15

The computer enters this operation only when the complementarity
test fails and the solution is non-feasible. According to the optimality
theorems, the complementary activity associated with the binding C vector
constraint coefficient must be brought into the basis. Therefore, K is set
equal to the index of this activity and the computer attempts to pass the
complementarity test agein by golng beck to Block 6, with this new vaive

of K.

Block 16

This block is entered only if the optimality test cf Block 5 is passed.
In this block the printer prints out & message indicating that the soluticn
(printed last) is the optimum solution. FPFollowing this message the computer

astops end the problem is solved.

3.3. The Fortran Statement of the Solution Algorithm

Apperdix I is = reproduction of the Fortran statement iist for the
solution slgorithm. The essentlal heart of the algorithm starts at state-
ment sequence numbter 30. The operstions preceding this point are the
instruetions required to reed in the initial date and form the initial
solution matrix. These instructions can scmetimes be modiflied to sult the
particular application of the algorithm as a compcnent of a larger program.
In this case, these statements have been made general enough to permit the

program to be used for most applicatlions.

12




3.4. The Layout of Input Data Cards.

In the assignment of coefficients to be punched in the input data
cards, some arbitrary, but prescrided, index order of the constraints and
activities is assumed. This index order, once set, is adhered to through-

out the assignment.

3.4.1, The Index Card

The index information is placed on one card with the following

format:
Card No. Column No.'s Coefficlent
1 1-2 NT (the number cf
productive
activities)
i1 3-k MT (the number of
constraints)

The following equations must be satisfied when selecting NT and MT:

1 < NT < 10
1 < MT < 10

2 < NT+MI< 15

3.4.2. The C Vector Cards

The C vector is placed on two cards with the following format:

Card No. Column No.'s Coefficient
2 1-8 c(1)
2 9-16 c(2)
2 17-24 c(3)
2 25-32 c(4)
2 33-L0 c(5)
2 41-L8 c(6)
2 49-56 c(7)
2 57-6k4 c(8)

13




Coefficient

Card No. Column No.'s

2 65-T72
2 73-80
3 1.8

3 . 9-16
3 17-2u
3 25-32
3 33-4C

11 unused components of C are left blank.

3.4.3. The Qusadratic Coefficient Csards

c(9)

c(10)
¢(11)
¢(12)
c(13)
o)
c(15)

we have NT cards of the following formate

Curd _HNo. Column No. s Coefficient
L 1-8 A(1,1)
L 3-i6 a{i2)
L 1724 2(1.3)
L 25-132 A(l.4)
L 3340 Mi.5)
L L3-8 (1.6)
L b3-56 A(1,7)
L 57-64 #1.3)
L 65-72 Al1.9)
L 73-80 a(:.10)

Tne above sequence I's repeated for NT curds, the last of which

3 ¢ NI 7350

All the unused A elements are left blank.

3.L,k. The Constraint Coefficient Curds

A(NT.10)

We huave MT cards of the following format.

Card No. Column No.'s Coefficient
34 NT &1 1.8 c(1,1)
3¢ NTel 9-i6 c(2,1)
34N+ 1 17-24 c(3,1)

1u




Card No. Column No.'s Coefficient

3+NT+1 25-32
3+ NI+ 1 33-LkO
3+0NT +1 41-48
3+ R8T +1 49-56
3+ NT +1 576
34+ N+ 1 65«72
34N+ 1 73-80
.....The sbove sequence is repested for MI cards,
3+ KT & MT it
3+ KT & M 9-16
o.. &nd g0 O untid ... ..
3¢+ LT e M [3=50

All the unused elements of € ure lieft plunk.

c(k,1)
c(s5,1)
c(6,1)
c(7,1)
c(8,1)
c(9,1)
c(10,1)

the last of which is.....

c(1.MT)
c(2,MT)

c(ic,MT)

3.4.5. S8pecisl ITnstructiocns on Punching These Cards

Tne decimel polint wugt elvays fall four digits from the end of
J

the coeflisient’s figld.
Tne decimal

P4
Cald

t is not purched i the card; the computer is

programmed to provide It interaslily.

Minus &lgns con pe puncshed tefore the firse signlificant digit

but under no circwnstances 2an minus signs be placed cutside the Tleld

cceupied by the coefliclent. Thus, negative coefficlents can hsve only

three signlficent figures before the declmal point.

In cases where the significant digits stop before the end of the

field, zeros must be {illed in until the remalnder of the fleld is full

of digits. No 2ercs sre required before the first significant digit in

order to 111 the Tleld.

Exemples:
a) For the coefficient -436.,23, punch

L"th31612.31U|O|

b) For the coefficient 0.0025, punch

l 1 4 1 1 i L2 151

15




c) For the coefficient 3261., punch

131216l141 i [ 1 l

d) For ths coefficient 0., punch

L ' i | S| e e 4 l

3.4.6. Order of the Cards

The duta cards are placed, in the order described above, benind
the Fortran program deck und processed as & standzrd Fortran *ompilutionﬁ

cmputaticn sequence with either the 1401 Fortren compllation deck or

3.5. The Qutput Format

Appendlx il shows s sequence of soluticn sheets to s typical example
¢ & quedratic program used $o megimdze profiss in s Cirm. The first sheet
shows ohe dnitled datu in dhe sodytion metrix and the initiuld X vector.

The lest sheet shows the Pensibvle optimald solutior and ¢he finsl solution

By sudtetae modifissavions €0 tie Fortrso progrem. the feesildle
primei solution mav Pe Zisced of tabe, to be used in furtier processing

vy cnother prograr (susk &8 » bookkeepirg routize). Taus, the quadratic

progran may be used s » "subroutine® o5 & more imvolved probier.

L, Summesry

8) The cptimal use of limited vegources, where constent returns 0
scale cannot be assumed., is a major conceru in the theory of the firnm.

b) Quadratie progrsmming is o practical answer to this probdblien.

16




c) Medium-sized digital computers are available to a great many firms.
By & modification of the Dantzig quadratic algorithm, these machines may be
used to solve a great many of the optimization problems in business firms.
d) This paper describes the modified Dantzig quadratic program.

e) A Fortran digital computer program is included, with instructions

for its use, and a practical =xemple.

REFERENCES
1 Dantzig, G. B., "Qusdrastic Programming: A Varlisnt of the Wolfe-
Merrowitz Algorithms,"” Reseerch Report No. 2, Operstions Research
Center, University of Culifornia, Berkeley, April 14, 1961.

(2) wWolfe, P., "The Simplex Method for Quudrstic Programming,”

Eccnometrica, Vol. 27, %Mo. 3 (1959), 382-398.

3) uhn, H. W., &nd K. W ucker. “Nonlinear Programmin
[3)  Kuhn, H. ¥ d &4 W T "Nonli - £
Froceedings of the 8econd Berkeley Symposium on Methematical

Statistics and Probablility. Berkeley: University of Californis

(4] “Fortran Speciflastion for the IBM 1401," 1401 Data Processing

Systemw Bulletin J2L-lL55-1, Internationsl Business Mechines

Corporastion, Wnite Plains, New York, 1961.

17




Appendix |

PARAMI9R0206PS

2
3

50
60

70

200

READ 5, NT, MT
JB=NT+1
M=NT+MT
N=M+M
DIMENSION A(30,15),C(15),X(30)
PRINT 8

DO 3 1=1,30

X=0,

00 2 J=1,15

A(,0=0,

CONTINUE

READ 6,(C()),J=1,10)

READ 7,(C()),J=11,15)

DO 5 I1=1,NT

READ 6,(A(1,)),4=1,10)

DO 60 J=JB,M

READ 6,(Al,),1=1,10)
X(N=C(h

MR=J+M

DO 50 I=1,NT

A(MR, D=A(,)N

CONTINUE

DO 70 J=1,NT

I=M+J

X()=-C(h

Al,J)=-1.

PRINT 600,(C(H,1=1,15)

DO 200 I=1,N

PRINT 615,(A(1,,J=1,15),X(1)
FIND INCOMING ACTIVITY, K
JB=0

I-1




MR=M+1
105 E=0.
K=0
DO 120 [=MR,N
IF(E-X() 120,120,110
110 E=X()
K=1-M
120 CONTINUE
JA=M+K
OPTIMALITY CHECK
IF(X(JA)) 205,700,700

FIND BINDING CONSTRAINT, L

205 L=0
E=999999.
DO 230 J=1,M

IF(A(JA,N*CW)) 219,204,219

204 IFXW) 219,230,219
219 IF(AK,J) 212,230,209
212 IF(CW) 210,230,230
209 IF(CW) 230,230,210
210 D=CWI/AK ,J)

IF(E-D) 230,230,220
220 E=D

L=J
230 CONTINUE

IF(L) 235,235,240

FIND DROPPING ACTIVITY
240 DO 243 I1=1,N

IFX()) 241,243,241
241 IF(AQ,L) 242,243,242
242 KA=I
243 CONTINUE




c MODIFY A MATRIX AND SOLVE FOR NEW CONSTRAINTS, C(
E=A(K,L)
DO 300 I=1,N
300 A(,L)=A0,L/E
C(L)=C(L)/E
D0 320 J=1,M
IFQ-L) 310,320,310
310 D=A(K,J)
CW)=C(J))-D*C(L)
DO 315 I=1,N
315 A(,0)=A(l,))-D*Al,L)
320 CONTINUE
JB=JB+1
PRINT 630,J8,K,KA,L
PRINT 600,(C(D,I=1,15)
c SOLVE FOR NEW ACTIVITY LEVELS
X(K)=C(L)
X(KA)=0.
DO 400 I=1,N
IF(X(» 330,400,330
330 E=0.
DO 340 J=1,M
340 E=E+C(*A(,J)
X(h=&
400 PRINT 615,(A(1,)),J=1,15),X(1)
c COMPLEMENTARITY CHECK
IF(X(JA)) 510,595,595
510 K=KA+M
GO TO 205
595 PRINT 640
GO TO 105
700 PRINT 710
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STOP 222

235 STOP 888
5 FORMAT (212)
6 FORMAT (10F8.4)
7 FORMAT (5F8.4)
8 FORMAT (32H1WOLFE SIMPLEX QUADRATIC PROGRAM,//)

600 FORMAT (1X,15F8.4,//)

615 FORMAT (1X,16F8.4)

630 FORMAT (12H1IN SOLUTION,14, 9H,ACTIVITY,I4,6HIS IN,,14,21HDROPS, AN

1D CONSTRAINT,I4,6HBINDS.)
640 FORMAT (28HOTHIS IS A FEASIBLE SOLUTION)
710 FORMAT (21H AND OPTIMAL SOLUTION)

END
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